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Tém tit

Duea trén déc diém ciia thé dan hoi Gibbs doi voi
cde qud trinh bién dang dang nhiét thudn nghich
ctia vét liéu dan hoi truc hwong, bai bao nay da
xdy dwng mé hinh phi tuyén tinh bdc hai mét cach
ddy dii dé mé td su phu thudc cia bién dang vao
Ung sudt trong cdc qud trinh kéo, nén va cdt. M6
hinh nay chira 18 tham s6 vdt liéu trong dé ¢é 9
tham $6 cia thanh phan tuyén tinh twong tir nhu
dinh ludt Hooke va 9 tham sé bé sung trong thanh
phan phi tuyén bdc hai. Bai bdo ciing dia ra so
do thuc nghiém can thiét dé xac dinh tdt ca cdc
tham s6 da néu ciia mé hinh. Tir cdc diF liéu thuc
nghiém da cong bé doi véi vt liéu thuy tinh hitu
co, cac tham sé ciia mé hinh dwoc tinh toan.

Tw khoa: Mo hinh phi fuyén, \{dt lieu di hu'o"ng,’
vat liéu truc hwong, thé dan hoi Gibbs, tham so
vt liéu.

Abstract

Based on the characteristics of the Gibbs elastic
potential for reversible isothermal deformation
processes of orthotropic elastic materials, this
paper has built a complete second-order
nonlinear model to describe the dependence of
deformation on stress in the tensile, compression
and shear processes. This model contains 18
material parameters, including 9 parameters of
the linear component similar to Hooke's law and
9 additional parameters in the second-order
nonlinear component. The paper also provides the
necessary experimental diagram to determine all
the stated parameters of the model. From the
published experimental data for organic glass
materials, the parameters of the model are
calculated.

Keywords: Nonlinear models, anisotropic

materials, orthotropic materials, Gibbs elastic
potential, material parameters.

1. Mé dau

Vat liéu composite dugc su dung rong rai trong
cac nganh cong nghiép khac khac nhau chang han nhu
dong tau, co khi, ché tao may,... Cing véi nhiing
nghién ctru tich cuc vé cong nghé vat liéu, nhiéu vat
liéu composite hién dai thé hién tinh chat dan héi phi
tuyén tinh ngay ca vi nhitng bién dang nho. Nhiing
vat liéu nay cling c6 tinh di huéng ma cu thé 1a tinh
tryc hudng. M6 hinh tuyén tinh ¢b dién cua mot vat
thé truc huéng dudi dang dinh luat Hooke thudng
khong mo ta ddy di mdi quan hé gitra ing suit va bién
dang cua nhitng vat liéu dang nay, dac biét 1a n6 khong
thé hién duogc phéan ung khac nhau cia vat li¢u dudi
tac dong cta tng suét kéo va mg suit nén. Do d6, can
thiét phai xay dung cac mé hinh toan hoc mgi mé ta
day du dic tinh dan hdi phi tuyén cta vat liéu di huéng
ndi chung va vét liéu truc hudng noi riéng.

Nhiéu thi nghiém di chi ra rang phan g ctia vat
liéu dbi v6i tmg sudt kéo va nén 1a khac nhau dang
ké. Pé mé ta va md hinh héa hanh vi nay, mot sd Iy
thuyét dan hoi da mo-dun da dwoc dé xuét vao nia
sau cua thé ky 20 nhu céc cong trinh ciia S.A.
Ambartsumyan va A.A. Khachatryan, L.A.
Tolokonnikova, N.M. Matchenko, G.V. Brigadirova,
E.V. Lomakina, Yu.N. Rabotnova,...[1-4].

Céc mo hinh phirc tap hon cua vt li€u tryc hudng
dan hoi c6 xét dén mdi quan hé phi tuyén giira (mg
sudt va bién dang, da dugc dé xuét trong cong trinh
cua N.M. Matchenko, A.A. Trescheva, E.V. Lomakin
va B.N. Fedulova, R.M. Jones, H.S. Morgan, D.A.R.
Nelson, H.T. Hahn va S.W. Tsai [5-7].

Do thyc té 1 nhitng mé hinh d biét thé hién mbi
quan hé giita ing sudt va bién dang d6i vai vat liu
dan hoi tryc huéng nhin chung 1a chwa ddy du. Ching
hoic 1a tuyén tinh hodc 1 tuyén tinh timg phan nén
viéc phat trién cac mo hinh phi tuyén dbi voi nhimg
vat liéu nay la phu hop.

Viéc xé4c dinh cac tham sb vat liéu c6 trong mo
hinh dua trén dir liéu thuc nghiém dugc biét dén tir tai
liéu [8].
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2. M6 hinh phi tuyén d6i véi vat liéu truc
hwéng

Dé mo ta trang thai bién dang, ngudi ta thuong sir
dung céc tensor bién dang € va tensor Gmg sudt S .
i vai vat lidu truc huédng, tensor bién dang c6 ba bat
bién tuyén tinh [9]:

(6 +&p +833) 5

1
30 :ﬁ
1
3 = %(2533 — &1 —Ep),

1
9 :E(gll_gzz): )]

va ba bat bién bac hai:
2 _ 2 2 _ 2 2 _ .2
Sy =€12> Sy =€:3> S) =&x- @)
Céc bat bien cua tensor ng suat dugc xac dinh
tuong ty:

1
Oy :_3(811 +S,,+35),

Ne

1
o, = _6(2833 -5, -Sy),

NG

0, = %(Sn —-S2), (€))

t(21) = 5122» t(22) = S223 > t(23) = 8321~ 4

Mot trong nhitng cach tiép can kha thi dé xay dung

cac mdi quan hé giira bién dang va g suat cia vat

liéu dan hdi di hudng phi tuyén trong cac qua trinh

bién dang ddng nhiét thuan nghich 1a xuét phat tir thé

dan hdi Gibbs. T su phu thudc gitra cac thanh phén

cia bién dang va ing suét, viéc sur dung dang thé

Gibbs dé xuat trong [10]:

w 1 % Caﬂ(aa,aﬂ)aaa’g+ g D7/(t2 )t2

2 4 B=0 =1 N7

Trong d6: €% chi phu thudc vao cac bat bién

tuyén tinh cta tensor tng sudt con DY’ chi phu thudc
va cac bat bien bac hai tuong ung. Tuc la

\ 2
cab _ ca'B(Ga,O'Ig) va D/ = Dy(t(y)) .
bé xay dung hé thure bac hai, ta xac dinh sy phu

thudc cia €% vao céc bat bién tuyén tinh cua tensor
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g suét duéi dang:
Ca'b)(aa,aﬂ) :Cgﬂ +Cf{ﬂ(0a +op)
va:
Y12 y=p) . p»)
D (t(;/)) = Do + D1 )

Theo do, sy phu thudc gitra cac bAt bién cta tensor
bién dang va tensor tmg suit (1) - (4) duoc viét dudi
dang:

9 = (c§° +3c’0, +6c 07 )0'0 +
+(cgl +2¢)c, + cflal)ol +
+(ng +2¢)0, +¢0, )0'2 ,

9, = (cgl +2¢) 0, + o, )0'0 +
4—(Cé1 + 3(:1“0'1)0'1 +

+(C$2 +2¢%0, +c’o, )0'2 ,

9, = (cg2 +2¢%0, + o, )00 +
+(Cé2 +2¢%0, + 011201)0'1 +
+(C§2 +3c”o, )0'2 ,

3
Sy = 2( DY + > Dt jta) ,

3
S = 2( D + > D%t jt(z) ,

3
S = 2[ DY + 5 Dt jt@) : ()

Trong do: Cgﬁ, cf’ﬁ, Dé“, Dlm 1a cac tham

s6 dan hoi cua vat liéu. He thic (5) 1a md hinh dan hoi
bac hai cho vat li¢u truc hudng. Néu céac tham sb

c¢” =0, DY =0 thi h¢ thirc (5) tring véi dinh

luat Hooke téng quat cho vat li€u truc hudng.

Thé cac biéu thirc cua bat bién (1) - (4) vao hé thirc
(5) ta thu duoc sy phu thudc theo timg thanh phan cua
tensor bién dang va tensor tmg suit:
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811 = Alllsll + AilZZ SZZ + A1133833 +
+B,,,;,S2 + Byy,,S%, + ByygsSZ +

1111%11 112222 133%33
+Bll].2811822 + Bll:|.3811533 + 81123822 S33 >
€2 = PopySiy + PoopSop + PopagSeg +
+B,,..S2 +B....,S% +B,,..S2 +

2211%11 222222 223333
+82212811522 + B2213811833 + 82223822533 s
833 = ASSllsll + %322 SZZ + A333SS33 +
+B....S% +B..,,S% +B....S2 +

3311%11 332222 3333%33
+BS312811822 + 83313811833 + B3323SZZSS3 >

3

& = Z(Dél) + E Dl(l) |812|]812 >

3
oa=2( D+ 305452,

3
. :z(oga +§D1(3’|831|j831. ©

Céc thanh phan cua tenxo bién dang phai thoa
man diéu kién ton tai thé Gibbs:

Og,, B 0&,,

aS,, 05,

og,, B 0&,

S, oS,

0y, _ 083 ™
0S5 05y

Diéu kién (7) dén dén su phu thugc gitta cac tham
s0 ciia mo hinh:

A =Pty Augs =Py

Az =Agps Brpiy =2Byyy

Bz =2Bpii s Biigg =By,

Basis = 2Biigs, Biis = 2By,

Biiis =2Bay1, Bugyy =2By;,

Byros =2Byyy s By =Bayy - (®)

Két hop véi cac dang thic (8), cac biéu thirc (6)
dugc rat gon thanh:

811 = A&lllsll + A&lZZ SZZ + A‘l133833 +
+B...S> +B.,,S% +B...S2 +
1111%11 112222 1133%~'33

+2 B2211311822 + ZB3311811833 + B].123822833 ’

822 = AlZZ Sll + A2222 S22 + %233833 +
+B,...S? +B,...S2 +B,...S2 +
2211%11 222222 2233%33

+2B,,,,5,,S,, + B11535,;S5; +2B43,,5,,5 4,
Egs = A 12aS); + AssSyy + Apgs Sy +
+By3y; S + Bugyy SZ + BugssSa, +
+B1153511S,, +2B11335,,S5; +2B,,3:5,,5;;

3
o =2 P+ 3005, Js

3
&y = Z(DéZ) + E D1(2) |Sz3|)szs’

3
£y = 2( D® + > D® |531|) S, ©9)

Hé thirc (9) mé ta rd rang sy phu thudc phi tuyén
tinh cua bién dang vao tmg suit. Theo do, hé thirc nay
chta 6 ’tham 56 b Ajq clia the‘t‘nh phan u}yén tinh va 10
tham so Bijkl cla cac thé‘nh phan p'hi tuyén tinh bac hai.
Mat khac, cac thanh phan phi tuyén tinh bac hai cua hé
thire cling thé hién kha nang chiu kéo va nén cta vat liu
1a khac nhau. Biéu thirc tuyén tinh cho cac tham s nay
dugc tim thiy tuong tng thong qua cac tham sb Cgﬂ R
e

Phdn béc hai cia h¢ thirc chira 10 tham sé Biu »

trong d6 chi c6 6 tham sb doc lap tuyén tinh, ta chon cac

thamso Byy;, By, Boyis Boss Basygs Bisss 4

tham s6 con lai 1a Bjj,;, Ba;, By, By, duoe

biéu dién tuyén tinh théng qua chung.
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3. So' d6 thuwe nghiém xac dinh cac tham so cia
mo hinh
Dé xéc dinh cac hé s6 ciia mé hinh (5), can tim cac

gia trj cua Cgﬁ, claﬂ, Dé”, Dl(”.Duatrén dir liéu

thu dugc trong cac thi nghiém co hoc, s€ thuan tién

hon néu xac dinh cac tham so Aijkl , Bijkl c6 trong

quan hé (9). Néu cac tham sb Aijkl , Bijkl duoc xac

dinh tir thi nghiém thi c6 thé tinh dugc tét ca cac hang
s6 dan hoi cua vat liéu Cgﬂ , Cf’ﬂ )

Dé xéac dinh tit ca cc tham s ciia md hinh phi
tuyén, can thuc hién céc thi nghiém sau trén céac truc
chinhdihuéng a,, a,, @; cuavatliéu truc hudng:

1) kéo va nén doc theo phuong cua tung truc 8, ,
a,, ad; ;

2) cét trong cac mat phang duoc tao béi cac truc
a, va a,, a, va a,, a, va a,.

Bai bao [8] trinh bay cac thi nghiém vé kéo, nén
don truc va cit cta cac tAm trong d6 cac truc chinh di
hudng chinh tring véi cac truc toa dd. Theo d6 cac thi
nghiém sé& dugc thuc hién trén mau vat liéu dang tdm,
vat liéu ¢ trang thai (mg suat phang, s& c6 3 trong 6

thanh phéan tmg suét bang khong S;;=5,,=5,=0,

(9) dugc viét dudi dang sau:
&1 =AuSy + AupSy +

2 2
+ Bllllsll + BllZZ S22 + ZB2211811822 >

Ep = PugpSiy + ApnSyp +
2 2
+Byy11Si + By Sy +2B112 51,5,

3
&, = Z(Dél) + > D® |slz|js12 .

(10)
4. Tham s6 vat liéu ciia thuy tinh hir co

Céc dur liéu thuc nghi€ém dugc duoc trinh bay
trong [8] & trang thai img suit phang cho phép ching
ta c6 thé xac dinh dugc trong dbi dy du cac tham sb
trong mo hinh béc hai bé’mg phuong phap binh phuong
nho nhét. Cing véi su hd trg cia gbi phin mém toan
hoc MatLab, cac tham $6 cua vat li¢u thuy tinh hitu co
duoc tinh toan va trinh bay trong Bang 1.
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Bing 1. Gid tri cdc tham sé vit ligu ciia thuy tinh hi co

Tham s Gia tri Don vi
A 6,48-10™ Pa™
Az 56,9310 12 Pa
Aoz 6,48-10™ Pa*
By 6,58-10 Pa™
Bi1z, 2,32.107 Pa?
B, 2,32:10" Pa?
B,., 6,58-10 Pa?
DY 5,36-10 Pa™
DY 1,36-10" Pa

Trong vat liéu composite ma dir li¢u thuc nghiém
dugc dua ra, cac sgi gia cd dugc dat trén cac mat
phing song song theo hai huéng vudng goc. So do gia
c¢b nay giai thich sy bang nhau giita cac gié tri cua cac
tham s6 mé hinh.

5. Két luin

Viéc nghién ctru va xay dung cac cac mo hinh toan
hoc mdi mo ta chinh xac sy phu thudce gitra bién dang
va tmg suit c6 nhiu ¥ nghia thuc tién va n6 dic biét
hitu ich d6i véi viée tinh toan cac gia tri t6i han cua
tai trong tac dong 1én vat thé hodc két cAu. Xuét phat
tr y nghia nay, nghién ctru nay da thanh cong xay
dung mé hinh phi tuyén cua vat liéu dan hdi truc
huéng duéi dang mbi quan hé bac hai giita cac thanh
phan bién dang va g sudt. V&i mo hinh di xay dung
& trén, viéc giai quyét cac bai toan vé tinh 6n dinh ctia
két cau tro nén dé dang hon so véi cac mé hinh tuyén
tinh timg phan da dugc biét dén.

Mot so dd thuc nghiém co hoc dugc xay dung, Kkét
qua cia nd cod thé duoc st dung dé xac dinh tAt ca cac
tham s6 caa mé hinh. Stz dung dir li¢u thyc nghiém da
biét tir tai ligu, cac tham sb ciia cua vat liéu thuy tinh
hiru co da duge xac dinh. Cac tham s6 nay c6 y nghia
tham khéo cao ddi véi cac nghién ctru trong céac linh
vue co hoc, vat liéu va stc bén vat liéu.
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